
Chapter 1 

1.1 PROPAGATION OF A DISTURBANCE IN A MEDIUM 

In our study of mechanics we considered solids and fluids that were at rest or in overall motion. In 
thermodynamics we started to explore the internal behavior of large systems, but for the most part 
addressed equilibrium states where there is a well defined pressure and temperature of our system. In 
our study of transfer of heat (see, e.g., Schaum’s Beginning Physics I, Chap. 17), we discussed the 
transfer of thermal energy within a medium, from a “hot region” to a “cold region”. In the case of 
convection this transfer took place by the actual movement of physical matter, the more energetic 
molecules (hot gas or liquid), from one location to another; in the case of conduction, it took place by 
means of transference of thermal energy from one layer of molecules to an adjacent layer and then on to 
the next layer, and so on, without the displacement of the physical matter itself over macroscopic 
distances. In the present chapter we will discuss the transfer, not of thermal energy, but rather of 
mechanical energy, through a solid, liquid or gas, by means of wave motion-also a process in which 
the physical matter itself does not move over significant distances beyond their initial positions, while 
the energy can be transferred over large distances. The transferred energy can carry information, so that 
wave motion allows the transfer of information over large distances as well. 

Of course, one way to communicate information over distance is to actually transfer matter from 
one location to another, such as throwing stones in coded sequences (e.g., three stones followed by two 
stones, etc.). This means of communication is very limited and cumbersome and requires a great 
amount of energy since large objects have to be given significant kinetic energy to have them move. 
Instead, we can take advantage of the inter-molecular forces in matter to transfer energy (and 
information) from molecular layer to molecular layer and region to region, without the conveyance of 
matter itself. It is the study of this process that constitutes the subject of wave motion. 

Propagation of a Pulse Wave Through a Medium 

Consider a student holding one end of a very long cord under tension S,  with the far end attached 
to a wall. If the student suddenly snaps her hand upward and back down, while keeping the cord under 
tension, a pulse, something like that shown in Fig. 1-l(a) will appear to rapidly travel along the cord 
away from the student. If the amplitude of the pulse (its maximum vertical displacement) is not large 
compared to its length, the pulse will travel at constant speed, U, until it reaches the tied end of the cord. 
(We will discuss what happens when it hits the end later in the chapter). In general, the shape of the 
pulse remains the same as it travels [Fig. 1-l(b)], and its size diminishes only slightly (due to thermal 
losses) as it propagates along the cord. By rapidly shaking her hand in different ways, the student can 
have pulses of different shapes [e.g., Fig. 1-l(c)] travelling down the cord. As long as the tension, S ,  in 
the cord is the same for each such snap, and the amplitudes are not large, the speed of all the pulses in 
the cord will be the same no matter what their shapes [Fig. 1-1(4]. 

Problem 1.1. 

(a) For the cases of Fig. 1-1, in what direction are the molecules of the cord moving as the pulse passes 
by? 

(b) If actual molecules of cord are not travelling with the pulse, what is? 

(c) What qualitative explanation can you give for this phenomenon? 
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Solution 

(a) We can understand the motion of the cord molecules as the pulse approaches a point in the cord and 
passes by. First the molecules at a given horizontal point on the cord move upward, until the 
maximum of the pulse passes the point, at which time the molecules are at the maximum vertical 
displacement (the amplitude); then the molecules move back down until they return to their normal 
position as the pulse passes by. Thus the molecules move perpendicular to the direction in which the 
pulse moves. 

(b) The shape of the pulse travels as one set of molecules after another go through the vertical motion 
described in part (a). The pulse carries energy-the vertical kinetic energy of the moving molecules, 
and the associated potential energy due to momentary stretching of the cord, in the pulse region. 

(c) As the tension in the cord is increased forces between adjacent molecules get stronger, resisting the 
effort to pull the cord apart. When the student snaps the end of the cord upward the adjacent mol- 
ecules are forced upward as well, and so are the next set of molecules and the next set, and so on. All 
the molecules in the cord don’t move upward at the same instant, however, because it takes some time 
for each succeeding set of molecules to feel the resultant force caused by the slight motion of the prior 
set away from them. While the successive groups of molecules are being pulled upward, the student 
snaps her hand back down, so the earlier molecules are reversing direction and moving back down. 
The net effect is that successive sets of molecules down the length of the cord start moving upward 
while further back other sets are feeling the pull back down. This process causes the pulse to, in effect, 
reproduce itself over and over again down the cord. 

The pulse in the cord is an example of a transverse wave, where molecules move to and fro at right 
angles to the direction of propagation of the wave. Another type of wave, in which the molecules 
actually move to and fro along the direction of the propagation of the wave is called a longitudinal 
wave. Consider a long straight pipe with air in it at some pressure P, and a closely fitting piston at one 
end. Suppose a student suddenly pushes the piston in and pulls it back out. Here the molecules of air 
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first move forward along the tube and then back to their original positions, while the wave pulse travels 
in a parallel direction [Fig. 1-21. (Since it is hard to visually display the longitudinal pulse, we indicate 
its location by showing a shaded area in the figure, darker meaning greater displacement). This air pulse 
is a primitive example of a sound wave. Longitudinal sound waves also occur in liquids and solids, as 
one experiences by hearing sound under water or by putting ones ear to a railroad track. 

Problem 1.2. 

(a) Drawing analogy from the transverse wave in Problem l.l(a), describe the pulse that you would 
expect occurs when the student jerks the piston in and out, in the piston-tube arrangement 
described above in the text. 

(b) Describe the pulse from the point of view of changing pressure in the tube. 

(c) What in the transverse wave of Fig. 1-l(a) behaves in a manner analogous to the pressure in the 
longitudinal wave ? 

Solution 

(a) Aside from the different nature of the intermolecular forces in the two cases (solid vs. gas), the simi- 
larities are considerable. Just as the molecules in the cord first communicate upward motion and then 
downward motion, the air molecules in the tube first communicate motion away from the piston and 
then motion toward the piston. The maximum displacement of the molecules away from their normal, 
or equilibrium, positions represents the amplitude of the pulse. A reasonable speculation is that the 
longitudinal pulse travels with some definite velocity (characteristic of the air) along the tube, and 
maintains its shape, with some diminution in amplitude due to thermal losses. 

Note. This is in fact what actually does happen. 

(b) When the piston is first pushed in it compresses the air between the piston and the layer of air in the 
tube not yet moving, so there is a small increase in pressure, AP, above the ambient pressure of the air, 
P. This increase drops rapidly to zero as the compression reverts to normal density as the air mol- 
ecules further along move over. As the piston is pulled back to its original position a rarefaction occurs 
as molecules rush back against the piston but molecules further along the tube have not yet had time 
to respond, so there is a small decrease in pressure, AP, that again disappears as the molecules further 
on come back to re-establish normal density. 

The displacement of the transverse pulse of Fig. 1-l(a) is always positive (as is the displacement of the 
longitudinal wave in part (a) above), while the “pressure wave”, AP, described in (b) above, first goes 
positive, drops back through zero to become negative, and then returns to zero. One quantity in the 

(c) 

Fig. 1-2 
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transverse wave that behaves analogously is the vertical velocity of the molecules of the cord. This 
transverse velocity (not to be confused with the velocity of propagation of the pulse) is first positive 
(upward), then becomes zero at maximum amplitude, and then turns negative (downward), becoming 
zero again after the pulse passes by. AP behaves exactly the same way. Indeed, from this analogy, we 
can surmise that the change in pressure is zero where the air molecules are at maximum displacement 
from their equilibrium position, just as the velocity is zero when the cord molecules are at maximum 
displacement . 

These results can be illustrated by examining two graphs representing either the transverse pulse in the 
cord or equally well the longitudinal pulse in the tube. In Fig. 1-3(a) we show a graph representing at a 
given instant of time, and on some arbitrary scale, the vertical displacement from equilibrium of the 
molecules of the transverse pulse in the cord of Problem l.l(u). Figure 1-3(b) then represents, at the 
same instant of time, and with the same horizontal scale but arbitrary vertical scale, a graph of the 
vertical (transverse) velocities of the corresponding points along the cord. The displacements and veloci- 
ties of the various points in the cord in these “snapshot” graphs also shows the “real time” behavior 
that any one point in the cord would have as the pulse passed by. 

Equally well, Fig. 1-3(u) can represent, at a given instant of time, and on some arbitrary scale, a 
vertical plot of the longitudinal displacement of gas molecules from their normal (or equilibrium) posi- 
tions, with the horizontal representing the various equilibrium (if no pulse were passing) positions along 
the tube. For this case, Fig. 1-3(b) can then represent, at the same instant, and on the same horizontal 
but arbitrary vertical scale, the changes of pressure (AP) at corresponding points along the tube. Again, 
as with the cord, we note that for our pulse moving through the tube to the right, the graphs of the 
various points in this snapshot of the pulse also represent the behavior at a given point along the tube, 
as the pulse passes by in real time. We see that AP is positive at the front (right-most) end of the pulse, 
first increasing and then decreasing to zero (normal pressure) as the maximum vertical longitudinal 
displacement passes by, then turning negative, first increasingly negative and then decreasingly negative, 

Displacement from equilibrium 

+ Transverse velocity in cord or 
pressure variation, Af, in tube , I Same fixed time t 

I 

Fig. 1-3 
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until reaching zero (normal pressure) as the pulse completely passes the given point. The same graph 
can also represent the longitudinal velocities of the moving air molecules, and we see that the velocities 
of the air molecules at various points along the tube behave like AP at those points. 

Velocity of Propagation of Waves 

Using the laws of mechanics, it is possible to derive the actual velocities of propagation of waves 
such as transverse waves in a cord or rope and longitudinal waves in a gas, liquid or solid. We will not 
do that here (but we will do one case in a problem later on). Instead, we will use qualitative arguments 
to show the reasonableness of the expressions for the velocities. Consider first the case of transverse 
waves in a cord. What are the factors that would affect the velocity of propagation? First we note that 
the more quickly a molecule responds to the change in position of an adjacent molecule, the faster the 
velocity of propagation would be. The factor in a cord that impacts the most on this property is how 
taut the cord is, or how much tension, S,  it is under. The greater the tension the stronger the intermolec- 
ular forces, and the more quickly each molecule will move in response to the motion of the other. Thus 
increasing S will increase the velocity of propagation, U,. On the other hand, the more massive the cord 
is, the harder it will be for it to change its shape, or to move up and down, because of inertia. The 
important characteristic, however, is not the mass of the cord as a whole, which depends on how long it 
is, but rather on a more intrinsic property such as the mass per unit length: p. Then, increased p means 
decreased U,. The simplest formula that has these characteristics would be U, = S/p. A quick check of 
units shows that S/p = N - m/kg = (kg m/s2)m/kg = m2/s2. By taking the square root we get units of 
velocity so we can guess: 
For transverse waves in a cord 

v, = (S/p)1’2. 

As it turns out, this is the correct result. (Our qualitative argument allows the possibility of a dimen- 
sionless multiplication factor in Eq. ( l . l ) ,  such as 2, J2 or n, but in a rigorous derivation it turns out 
there are none!) 

Similarly, in obtaining the propagation velocity of sound in a solid, consider a bar of length, L, and 
cross-sectional area, A .  The strength of the intermolecular forces are measured by the intrinsic stiffness, 
or resistance to stretching, of the bar, a property which does not depend on the particular length or 
cross-section of our sample. We have already come across a quantity which measures such intrinsic 
stiffness independent of L and A :  the Young’s modulus of the material, Y ,  defined as the stress/strain 
(see, e.g., Beginning Physics I, Chap. ll.l), and which has the dimensions of pressure. Thus the larger Y ,  
the larger up for the bar. As in the case of the cord, there is an inertial factor that impedes rapid 
response to a sudden compression, and the obvious intrinsic one for the bar is the mass/volume, or 
density, p. (Note that the mass per unit length would not work for the bar because it depends on A, and 
we have already eliminated dependence on A in the stiffness factor). Again, we try stiffness/inertia = Y /  
p, but this has the dimensions of (N/m2)/(kg/m3) = m2/s2. This is the same as the dimensions of S/p for 
transverse waves in a cord, so we know we have to take the square root to get velocity: 

For longitudinal waves in a solid 

up = ( Y / p ) ” 2  (1.2 

For a fluid the bulk modulus, B = (change in pressure)/(fractional change in volume) = I Ap/(AV/V) 
replaces Y as the stiffness factor, yielding: 

For longitudinal waves in a fluid 

U, = (B/p)”2 (1 .3)  

As with Eq. ( I J ) ,  for transverse waves in a cord, these last two equations turn out to be the correct 
results, without any additional numerical coefficients, for longitudinal waves in a solid or fluid. 
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Problem 13. 

(a) Calculate the velocity of a pulse in a rope of mass/length p = 3.0 kg/m when the tension is 25 N. 

(6) A transverse wave in a cord of length L = 3.0 m and mass M = 12.0 g is travelling at 60oO cm/s. 
Find the tension in the cord. 

Solution 

(a) From Eq. ( 2 . 2 )  we have: 

up = (S/p)'/' = [(25 N)/(3.0 kg/m)]1/2 = 2.89 m/s. 

(b) Again using Eq. ( 2 . 2 )  we have: 

S = pup2 = (M/L)u,' = C(0.012 kg)/(3.0 m)](60 m/s)2 = 14.4 N. 

Problem 1.4. 

(a) If the speed of sound in water is 1450 m/s, find the bulk modulus of water. 

(b) A brass rod has a Young's modulus of 91 - 109 Pa and a density of 8600 kg/m3. FinG the velocity 
of sound in the rod. 

Solution 

(a) Recalling that the density of water is loo0 kg/m3, and using Eq. (1.3), we have: 

B = (1450 m/s)'(lW kg/m3) = 2.1 x 109 Pa. 

(b) From Eq. (2.2): 

up = [(9l x 109 Pa)/(8600 kg/rn3)]'l2 = 3253 m/s. 

Problem 1.5. Consider a steel cable of diameter D = 2.0 mm, and under a tension of S = 15 kN. (For 
steel, Y = 1.96 - 10" Pa, p = 7860 kg/m3). 

(a) Find the speed of transverse waves in the cable. 

(6) Compare the answer to part (a) with the speed of sound in the cable. 

Solution 

(a) We need the massflength, p = pA, where A is the cross-sectional area of the cable, A = nD2/4. From 
the data for the cable: 

p = (7860 kg/m3)(3.14)(0.0020 m)2/4 = 0.0247 kg/m. 

Substituting into Eq. (2 .1 )  we get: up = [(l5 . 103 N)/(0.0247 kg/rn)]'/' = 779 m/s, 

(b) The speed of longitudinal (sound) waves is given by Eq. (1.2), which yields: 

up = C(1.96 10'' Pa)/(7860 kg/m3)]1'2 = 4990 m/s, 

which is 6.41 times as fast as the transverse wave. 

Problem 1.6. 

(a) Assume the cable in Problem 1.5 is loo0 m long, and is tapped at one end, setting up both a 
transverse and longitudinal pulse. Find the time delay between the two pulses arriving at the other 
end. 

(6) What would the tension in the cable have to be for the two pulses to arrive together? 
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Solution 

(a) We find t ,  and t ,  , the respective times for the transverse and longitudinal pulses to reach the end: 

t ,  = (1000 m)/(779 m/s) = 1.28 s; t ,  = (1000 m)/(4990 m/s) = 0.20 s. 

At = t ,  - t ,  = 1.08 S .  

(b)  Here the speed of the two pulses must be the same so, as noted in Problem l.S(b), the new transverse 
speed must be 6.41 times faster than before. Since the linear density, p, does not change significantly, 
we see from Eq. (2.2) that the tension must increase by a factor of 6.41, = 41.1. Thus, the new tension 
is 

S' = 41.1(15 kN) = 617 kN. 

1.2 CONTINUOUS TRAVELLING WAVES 

Sinusoidal Waves 

We now re-consider the case of the student giving a single snap to the end of a long cord (Fig. 1-1). 
Suppose, instead, she moves the end of the cord up and down with simple harmonic motion (SHM), of 
amplitude A and frequencyf= 4271,  about the equilibrium (horizontal) position of the cord. We choose 
the vertical (y) axis to be coincident with the end of the cord being moved by the student, and the x axis 

Travelling wave when pt. x=O is oscillating vertically with SHM. Snapshot at I=[,, 

I' 

I 
Four snapshots of the travelling of (b): at to, fO+T/4, r0+T/2 and 1,+37'/4 

Fig. 1-4 
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to be along the undisturbed cord, as shown in Fig. l-qa). Let y,(t) represent the vertical position of the 
point on the cord corresponding to the student’s end (x = 0) at any time t. Then, assuming y, = 0 (and 
moving upward) at t = 0 we have: y, = A sin (at) for the simple harmonic motion of the end of the 
cord. 

Note. Recall that in general for SHM, y = A cos (ot + 60), where 60 is an arbitrary constant that 
defines where in the cycle we are at t = 0. Choosing 8, = 0 corresponds to being at 
maximum positive displacement at t = 0, while choosing 8, = 3n/2 gives us our present 
result . 

Every change in position of the cord at the student’s end is propagated to the right with the velocity 
of propagation, u p .  This means that at any horizontal point x along the cord the molecules of cord will 
mimic the same up and down motion as the student initiated at the end point (x = 0), and with the 
same amplitude, A (if we ignore thermal losses). Let us call y,(t) the vertical position of the cord at a 
definite horizontal position, x, along the cord, at any time t. y,(t) will mimic what y, was at an earlier 
time t’: 

Y A t )  = Yo(t’) (1.4) 

where ( t  - t’) is the time interval it takes for the signal to go from the end (x = 0) to the point x of 
interest. Since the signal travels at speed up we must have: x = u,(t - t’), or (t  - t’) = x/up * t‘ = 
t - x / u p .  Finally, recalling our expression for y,(t), and using our expression for t’ in Eq. ( 2  A), we get: 

yJt)  = A sin [o(t - x/up)] 

Note that Eq. (1.5) gives us the vertical displacement of any point x along the cord, at any time t. It thus 
gives us a complete description of the wave motion in the cord. As will be seen below, this represents a 
travelling wave moving to the right in the cord. This result presumes, of course, that the cord is very 
long and we don’t have to concern ourselves with what happens at the other end. Eq. (2.5) can be 
reexpressed by noting that cu(t - x/up) = ot - (w/u,)x. We define the propagation constant for the wave, 
k as: k = o / u p ,  or: 

up = o / k  ( 2  -6) 

Recalling that the dimensions of o are s-’ (with the usual convention that the dimensionless quantity, 
at, is to be in radians for purposes of the sine function), we have for the dimensions of k :  m? In terms 
of k ,  Eq. (2 .5)  becomes : 

(2.7) y,(t)  = A sin (of - k x )  

Eqs. (1.5) and (2 .7)  indicate that for any fixed position x along the cord, the cord exhibits SHM of the 
same amplitude and frequency with the term in the sine function involving x acting as a phase constant 
that merely shifts the time at which the vertical motion passes a given point in the cycle. 

Eqs. (2.5) and (2.7) can equally well represent the longitudinal waves in a long bar, or a long tube 
filled with liquid or gas. In that case y,(t) represents the longitudinal displacement of the molecules from 
their equilibrium position at each equilibrium position x along the bar or tube. Note that y, for a 
longitudinal wave represents a displacement along the same direction as the x axis. Nonetheless, the to 
and fro motion of the molecules are completely analogous to the up and down motion of molecules in 
our transverse wave in a cord. 

It is worth recalling that the period of SHM is given by: 

T = l / f= 2 n / o  (1.8) 

and represents the time for one complete vertical cycle of the SHM in our cord (or to and fro motion for 
our longitudinal waves). 

Eq. (2.7) can also be examined at a fixed time t for all x. In what follows we will use the example of 
the transverse wave in the cord, since it is easier to visualize. For any fixed t ,  Eq. (1.7) represents a 
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snapshot in time of the shape of the cord. Clearly for fixed t this represents a sinusoidal wave in the 
variable x. The spatial periodicity of this wave, i.e. the length along the x axis that one moves to go 
through one complete cycle of the wave, is called the wavelength: 1. Since a sine wave repeats when its 
argument (angle) varies through 211, we see that for fixed t in Eq. (1.7), the sine wave will repeat when 
x (x + A) with k 1  = 211. Rearranging, we get: 

1 = 2 4 k  (1  *9) 

which is the spatial analogue of Eq. (1.8) for the period. The dimensions of 1 are meters, as expected. A 
snapshot of the cord (at a moment t when y, = A )  is shown in Fig. l-qb). 

Problem 1.7. A student holds one end of a long cord under tension S = 10 N, and shakes it up and 
down with SHM of frequencyf= 5.0 Hz and amplitude 3.0 cm. The velocity of propagation of a wave in 
the cord is given as up = 10 m/s. 

(a) Find the period, T ,  the angular frequency, a, and wavelength, 1, of the wave. 

(b) Find the maximum vertical displacement of any point on the cord. 

(c )  Find the maximum vertical velocity and vertical acceleration of any point on the cord. 

Solution 

(a) T = l /f= 0.20 s; o = 2nf = 6.28(5.0 Hz) = 31.4 rad/s. To get 1 we use Eqs. (2.6) and (2.9): k = o / u ,  = 
(31.4 s-')/(lO m/s) = 3.14 m-'; 1 = (2n)/k = 2.0 m. 

(6) Assuming no losses, the amplitude, A, is the same everywhere along the cord, so A = 3.0 cm. 

(c) Noting that all the points on the cord exercise SHM of the same frequency and amplitude, and recalling 
the expressions for maximum velocity and acceleration (Beginning Physics I, Chap. 12, Eqs. 12.10b,c) 
we have: umax = wA = (31.4 s-')(3.0 cm) = 0.942 m/s; amax = 0 2 A  = (31.4 s -  ')2(3.0 cm) = 29.6 m/s. 

Problem 1.8. 

(a)  Re-express the travelling wave equation, Eq. (1.7) in terms of the period T and the wavelength, A. 

(6) Find an expression for the velocity of propagation, up,  in terms of the wavelength, 1, and frequency, 
"f 

Solution 

(a) Recalling that o = 27cf = 2n/T, and that 1 = 2n/k, Eq. (2.9), we have, substituting into Eq. (2.7): 

y = A sin (27ct/T - 2nx/1) = A sin [2n(t/T - x/1)] (4 
(6) From Eq. (1.6) we have: U,, = o/k = 27cf/(2n/l), or: 

U , = A f  (ii) 

Eq. ( i i )  of Problem (1.8) is a very general result for all travelling sinusoidal waves and can be 
illustrated intuitively by examining the travelling wave in Fig. 1-4(b). Consider the cord at point e in 
Fig. 1-4(b). At the instant shown (time t = 0) ye  = 0. As the wave moves to the right a quarter of a 
wavelength the crest originally at point d is now above point e, so the cord at point e has moved to its 
maximum positive position which is $ of the period of SHM, T .  When the wave moves another a 
wavelength the position originally at point c arrives at point e, so the cord at point e is now back at 
equilibrium, corresponding to another 3 period. After moving another wavelength the wave originally 
at point b is over point e, so the cord at point e is now at its negative maximum, corresponding to 
another $ period. Finally, when the last quarter wavelength has moved over, the wave originally at 
point a is now over point e, and the cord at point e is now back to the equilibrium, completing the final 



10 WAVE MOTION [CHAP. 1 

a of the SHM period. Clearly, then, the wave has moved a distance R to the right in the time of one SHM 

period, T.  So, speed = distance/time, or: 

(1.10) 

Of course, we have been assuming that Eq. (1.5), or equivalently, Eq. (1.7), represents a travelling wave 
moving to the right with velocity u p .  In the next problem we demonstrate that this actually follows from 
the wave equation itself. 

up = A/T = Af 

Problem 1.9. Show by direct mathematical analysis that Eq. (1.7) is a travelling wave to the right with 
velocity: vp = w/k = I$ 

Solution 

Consider the wave shown in Fig. l-qb), which represents a snapshot at time, t, of a cord with a wave 
obeying Eq. (1.7). We consider an arbitrary point, x ,  along the cord corresponding to a particular position 
on the wave form, and ask what is the change in position, Ax,  along the cord of the chosen vertical point on 
the wave form in a new snapshot of the cord taken a short time, At, later. 

Since a given vertical position corresponds to a definite “angle” or phase of the sine wave, we have 
from Eq. (1.7), Ax and At obey: [or - kx]  = [o(t + At)  - k(x + Ax) ] .  Canceling like terms we get: 

o A t  - kAx = O=Ax/At  = w/k (0 
Since Ax represents the distance the chosen point on the wave form moves in a time At, we have Ax/At 
represents the speed of the chosen point on the wave form. Furthermore, since o/k is a positive constant, all 
points on the wave form move at the same speed (as expected), and in the positive x (to the right) direction. 
This speed is just the velocity of propagation, so up = Ax/At or, up = o / k  = A .  the desired result. 

Problem 1.10. 

(a)  Consider the situation in Problem 1.7. If the student shakes the cord at a frequency of 10 Hz, all 
else being the same, what is the new wavelength of the travelling wave? 

(b)  Again assuming the situation of Problem 1.7, but this time the tension in the cord is increased to 40 
N, all else being the same. What is the new wavelength? 

(c )  What is the wavelength if the changes of parts (a) and (b) both take place? 

(d) Do any of the changes in parts (a), (b), (c)  affect the transverse velocity of the wave in the cord? 
How? 

Solution 

(a) The velocity of propagation remains fixed if the tension, S, and mass per unit length, p, remain the 
same. Therefore, if we use primes to indicate the new frequency and velocity we must have: U, = Af= 
A”. For our casef’ = 10 Hz so, from Problem 1.7, up = 10 m/s = A’f’ = A’ (10 Hz)*A’ = 1.0 m. (Or, 
starting from the situation in Problem 1.7,f= 5 Hz and A = 2.0 m for fixed up,  if the frequency doubles 
the wavelength must halve, giving A’ = 1.0 m.) 

From Eq. (1.1), U, increases as the square root of the tension, S .  Here the tension has doubled from the 
value in Problem 1.7, so the new velocity of propagation is U; = (J2)up = 1.414(10 m/s) = 14.1 m/s. 
Since the frequency has remained the same we have: 

(b )  

t(, = A’f‘ 14.1 m/s = A’(5.0 Hz) == A’ = 2.82 m. 

(c) Combining the changes in (a) and (b), we have: 

U; = A’f‘=. 14.1 m/s = A’(l0 Hz)*A’ = 1.41 m. 

(d) As can be seen in Problems 1.7, the transverse velocity and acceleration are determined by o and A. In 
none of parts (a), (h), or (c) is A affected. In part (b) w = 2nf is not changed either, so no change in 
transverse velocity and acceleration takes place. In parts (a) and (c) the frequency has doubled, so w 
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doubles as well. Then, the maximum transverse velocity, cmaX doubles to 1.88 m/s, and the maximum 
transverse acceleration quadruples to 118 m/s2. 

Problem 1.11. Using the analysis of Problem 1.9, find an expression for a travelling sinusoidal wave of 
wavelength A and period T ,  travelling along a string to the left (along the negative x axis). 

Solution 

As usual we define k = 2 4 2  and o = 2n/T for our wave travelling to the left. From Eq. (i) of Problem 
1.9 we see that if the phase of our sine wave had a plus instead of minus sign, [i.e., was ot + kx], then our 
analysis of the motion of the wave motion would lead to: Ax/At  = - o / k .  This corresponds to a negative 
velocity: up = - o / k .  The wave equation itself is then: 

y,(t) = A sin (or  + k x )  ( i )  

This wave clearly has the same period of vertical motion at any fixed point on the string, and the same 
wavelength, as a wave travelling to the right [Eq. (I  .7)] with the same A,  k ,  and o. 

Problem 1.12. Two very long parallel rails, one made of brass and one made of steel, are laid across 
the bottom of a river, as shown in Fig. 1-5. They are attached at one end to a vibrating plate, as shown, 
that executes SHM of period T = 0.20 ms, and amplitude A = 19 pm. Using the speeds of sound 
(velocities of propagation) given in Problem 1.4 for water and brass, and in Problem 1.5 for steel: 

(a) Find the wavelengths of the travelling waves set up in each rail and in the water. 

(b) Compare the maximum longitudinal displacement of molecules in each rail and in water to the 
corresponding wavelengths. 

(c) Compare the maximum longitudinal velocity of the vibrating molecules in each rail and in water to 
the corresponding velocities of propagation. 

Soh tion 

(a) For each material, up = A ,  withf= 1/T = 5000 s - ’ .  For steel [from Problem lS(b)], L + ~ , ~  = 4990 m/s, 
so A, = (4990 m/s)/(5000 s-’) = 0.998 m. For brass [from Problem I.qb)], cp, b = 3253 m/s, so = 
3253/5000 = 0.651 m. For water (from Problem 1.4(a))cp, = 1450 m/s, so A,,, = 1450/5000 = 0.290 m. 

(b) For all cases, assuming no losses, the amplitude is 19 pm = 1.9 - 10-5 m, which is more than a factor 
of 104 smaller than the wavelengths for all three cases. 

(c) For each case the maximum SHM velocity is U,,, = o A  = 27$A, which yields: L-,.,,~, = 6.28(5000 
s-’)(1.9 * lO-’) = 0.596 m/s. Again, these are very small compared to the propagation velocity in each 
material. 

River bank 

Brass-, 1 . .  ~, Water ~, ~, 

Vibrator 
plate Water 

Water 
2. . , , , , , , . , , . , . , , . , . , 

Steel 1 

Top view of rails under water 

Fig. 1-5 

Ribrer bank 
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Problem 1.13. Write the specific equation describing the travelling longitudinal wave in the steel rail of 
Problem 1.12. Assume .Y is measured from the vibrator end of the rail. 

Solution 

The general equation is given by Eq. (1.7). For steel U = 2nf= 6.28(5000 s - ’ )  = 31,400 s - ‘ ;  k = 

( 9 
This could also be obtained by substitution of appropriate quantities into Eq. (2.5) or Eq. (i) of Problem 1.8. 

2n/A = 6.28/(0.998 m) = 6.29 m-‘;  A = 1.9 * 10-’ m. Substituting into Eq. (1.9) we get: 

yx(f) = (1.9 x 10-’ m) sin [(31,400 s - ’ ) t  - (6.29 m-’)x] 

Problem 1.14. The equation of a transverse wave in a cord is given by: 

p,(t) = (2.0 cm) sin [2~/(0.040 s) + 2nx/(0.50 m)] 

(a )  Find the amplitude, wavelength and frequency of the wave. 

(6) Find the magnitude and direction of the velocity of propagation, vP. 

( c )  Find the maximum transverse velocity and acceleration of the wave. 

Solution 

(a)  We could compare Eq. (i) with Eq. (2.7), to get U and k, but Eq. (i) is given in a way that is more easily 
translated using Eq. (i) of Problem (1.8). There a comparison shows: 

T = 0.040 s *f= 1/T = 25 s -  ’; 
(h)  In magnitude, cp = Af= (0.50 rn)(25 s - ’ )  = 12.5 m/s; the direction is along the negative s axis, because 

of the plus sign in the argument of the sine function (see Problem 1.1 1). 

t’,,, = wA = 2nfA = 6.28(25 s -  “2.0 cm) = 3.14 m/s; a,,, = 0 2 A  = UO,,, = 
6.28(25 s-’)(3.14 m/s) = 493 m/s2. 

A = 2.0 crn; A = 0.50 rn. 

(c.) 

Energy and Power in a Travelling Sinusoidal Wave 

When a wave travels in a medium it carries energy. To calculate the energy in a given wave, and the 
rate at which energy transfers (power) from one point to another in the medium, we require a detailed 
knowledge of the wave and the medium in which it travels. For the case of a transverse sinusoidal wave 
travelling in a cord, or a longitudinal sinusoidal wave travelling in a rail or tube, it is not hard to 
calculate the energy per unit length and the power transfer across any point or cross-section. Consider 
the case of the wave in a cord of linear density p. As the wave travels, all the molecules in any length L 
of the cord are executing SHM of amplitude A and angular frequency CO, although they are all out of 
phase with each other. The total energy of SHM equals the maximum kinetic energy which, for a particle 
of mass rn, is just: $rnt12,,, where umaX is the maximum transverse velocity, U,,, = o A .  Since all the 
particles have the same maximum velocity, and the mass in a length L is p L ,  we have for the energy, E , ,  
in a length L of cord: E ,  = ~ ~ L C O ’ A ’ .  Dividing by L to get the energy per unit length, E = EJL,  we 
have : 

E = ~ ~ C O ’ A ’  (1.1 1 )  

To find the power, or energy per unit time passing a point in the cord, we just note that the wave travels 
at speed up,  so that in time t a length vpt of wave passes any point. The total energy passing a point in 
time r is then E U J .  Dividing by t to get the power, P, we have: 

(2.22) P = E U ,  = $ ~ M D ’ A ~ v ,  

Problem 1.15. Assume that the travelling transverse wave of Problem 1.14 is in a cord with p = 0.060 
kg/m* 
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(a) Find the energy per unit length in the wave. 

(b )  Find the power transferred across any point as the wave passes by. 

Solution 

(a) From Problem 1.14 we have A = 2.0 cm and o = 2nf= 6.28(25 Hz) = 157 s - I .  Applying Eq. (1.11) we 
have : 

E = i(0.060 kg/m)(157 s -  1)2(0.020 m)2 = 0.296 Jjm. 

(b)  Noting that P = E U , ,  and from Problem 1.14 that up = 12.5 m/s, we get: 

P = (0.296 J/m)(12.5 m/s) = 3.70 W. 

Problem 1.16. 

(a) How are Eqs. (1.11) and (1.12) modified for the case of a longitudinal sinusoidal wave in a rail or 
tube? 

(b) Find the energyflength and power of the longitudinal sinusoidal wave in the steel rail of Problem 
1.12, if the cross-sectional area is 20 cm2. The density of steel is 7860 kg/m3. 

Solution 

(a) From the derivation in the text, we see that the mass per unit length is needed for both E and P ,  
irrespective of whether the waves are transverse or longitudinal. For our rail or tube filled with fluid, 
the usual quantity given is the mass/volume or density, p. If the cross-sectional area of the rail or tube 
is labelled CA,  we have: p = pC,, and Eqs. (1.11) and (1.12) are still valid as written. 

(b) From Problem 1.12 we have for the steel rail: up = 4990 m/s, o = 2nf= 2n(5000 Hz) = 31,400 s - ’ ,  and 
A = 1.9 * lO-’ m. Noting that p = pCA = (7860 kg/m3)(2.0 * 10e3 m2) = 15.7 kgjm, and substituting 
into Eq. (1.11), we get: E = 4(15.7 kg/m)(31,400 s -  ‘)2(1.9 - 10-’ m)’ = 2.79 Jjm. Similarly, P = EC, = 

(2.79 J/m)(4990 m/s) = 13,900 W. 

It is important to note that the equations for travelling waves, Eqs. (1.5) or (1.7) describe ideal 
sinusoidal waves that are travelling forever (all times t )  and extend from x = - XI to x = + X I .  Real 
sinusoidal waves are typically finite in length, from several to hundreds of wavelengths long, and are 
called “wave trains”. Thus, if the student starts her SHM motion of one end of the cord at some instant 
of time t = 0, and stops at some later time, t f ,  Eqs. (1.5) and (1.7) do not exactly describe the cord at all 
times t and at all positions x. Still, for long wave trains, these equations do describe the wave motion 
accurately during those times and at those positions where the wave is passing by. 

1.3 REFLECTION AND TRANSMISSION AT A BOUNDARY 

Reflection and Transmission of a Pulse 

Until now we have assumed our cords, rails, etc., were very long so we did not have to deal with 
what happened when our wave hit the other end. In this section we consider what happens at such an 
end. Consider the long cord, under tension S ,  of Fig. 1-1, with the single pulse travelling to the right. 
Assume that the other end is tightly tied to a strong post. Figures 1-6(a) to (d) shows the cord at 
different times before and after the pulse hits the tie-down point. It is found that the pulse is reflected 
back, turned upside down, but with the same shape and moving at the same speed, now to the left. The 
amplitude will also be the same except for the thermal energy losses along the cord and at the end. 
There always will be some losses but we ignore them here for simplicity. This reversal of the pulse can 
be understood by applying the laws of mechanics to the end of the cord, but the mathematics is too 
complicated for presentation here. We can, however, give a qualitative explanation. 
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As the wave travels along the cord the molecules communicate their transverse motion, and associ- 
ated momentum and energy, to the next layer along the cord. In this way when the pulse passes a 
portion of the cord, that portion returns to rest while the next portion goes through its paces. As the 
pulse reaches the end of the cord it can’t transfer its upward momentum because that point is tied 
down. Instead, the cord near the end first gets stretched slightly upward, like a stiff spring, as the first 
half of the pulse reaches it and like a stiff spring almost instantaneously snaps down in response, 
sending the molecules in the opposite transverse direction. As the second half of the pulse arrives the 
cord near the end is stretched downward. Again almost instantaneously springing the molecules back 
up. In effect the cord near the end mimics the original updown snap of the student who originated the 
pulse at the other end, but this time it’s a down-up snap so the pulse is upside down, as shown. The 
newly created pulse then travels back along the cord with the same characteristic velocity of propaga- 
tion, U,. 

There is a nice way of visualizing the reflection process. We think of the tied down end of the cord 
as being a mirror, with the reflection of the cord and the pulse appearing to the right of the “mirror” 
point (dotted). Since this is merely a reflection and not real it is called the virtual pulse. This virtual 
pulse differs from a visual reflection of an object in a flat glass mirror only by its being upside down. In 
every other way it has the same properties as the visual image: it is as far to the right of the “mirror” 
point as the actual pulse is to the left, has the same shape, and is travelling to the left with the same 
speed as the real pulse is travelling to the right. The real pulse and virtual pulse reach the mirror point 
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at the same time. We then imagine that what happens next is that the real pulse continues on past the 
mirror as a virtual pulse, while what was originally the virtual pulse emerges to the left of the “mirror” 
point as the new real pulse. For the short time while the real and virtual pulses are passing the “mirror” 
point, parts of both are real and have equal and opposite displacements at the “mirror”point. The effect 
is that they cancel each other out at that point so that, as necessary, the end of the cord doesn’t move. 
This process is depicted in Fig. 1-6(e) to (9). This model actually gives an accurate representation of 
what actually happens to the cord upon reflection. 

If the far end of the cord were not tied down, but instead ended with a light frictionless loop around 
a greased pole, we would again get a reflected pulse, but this time it would not be upside down. This 
case is shown in Fig. 1-7(a) to (4. Again the mathematical demonstration of this phenomena is beyond 
the scope of the book but a qualitative explanation can be given. Here, as the pulse reaches the end 
there is no more cord to pick up the transverse momentum and energy of the pulse, so this time the end 
of the cord overextends upward before being whipped back down, as the front and back ends of the 
pulse deposit their transverse momentum and energy. The net effect is an updown snap that directly 
mimics the student’s original updown snap, and the right-side up pulse travels to the left, as shown. 
Again, we can use our “mirror” point approach to consider the reflection process. Here, however, the 
virtual pulse is right side up, just as a visual image in a flat mirror would be, and the overlap of the 
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pulses as they pass the end point reinforce rather than cancel each other, leading to an exceptionally 
large amplitude at the end point, as expected. The situation in every other way is the same as for the 
tied down cord, and is depicted in Fig. 1-7(e) to (9). 

In each of the two cases discussed, the pulse reflects off the barrier at the far end. In the first case we 
say the reflection is “ 180” out of phase”. This terminology originates not from the case of reflection of 
the single pulse, but rather from the case of reflection of a travelling sinusoidal wave as in Fig. 1-4(6). At 
the tied down end the upside-down reflection for the pulse would be equivalent to a half wave-length, or 
180”, shift upon reflection in the travelling wave. The second case, with the “free” end, is a reflection 
that is “in phase”, since the sinusoidal wave just reflects back without a flip-over. 

The two cases are the extreme examples of possible boundary conditions. In one case the end is 
rigidly held down by the molecules of the bar to the right of it, so it cannot move at all; in the other 
case the end has no molecules to the right of it that exert any updown constraints of any kind. A more 
general case is somewhere in-between these two extremes. Consider the case of two long ropes, A and B, 
of linear densities p, and p b ,  respectively, attached as shown in Fig. 1-8(a), with the combination held 
under tension S .  A pulse is shown travelling to the right through the first rope. We can ask what 
happens when the pulse hits the interface? We would expect that part of the pulse will reflect off the 
interface back along rope A and that part will be transmitted to the right along rope B. This behavior is 
explored in the following problems. 

Problem 1.17. 

(a) 

(6) 

(c) 

For the situation in Fig. 1-8(a), assume that pa < pb. 

Describe qualitatively what happens to the pulse after it hits the interface. 

Describe qualitatively the height of the reflected and transmitted pulses. 

Describe qualitatively the speeds of the reflected and transmitted pulses. 

Solution 

(a) As the pulse hits the interface the molecules of the first rope suddenly find themselves conveying their 
transverse momentum and energy to a more massive material. This is somewhat like the case of the 
tied down barrier, discussed above but not as extreme. As a consequence we will get a reflected pulse 
180” out of phase. This time, however, the molecules to the right of the interface, in rope B, will pick up 
some of the transverse momentum and energy of the molecules in rope A, just as if someone had 
snapped that end of rope B up and down, and part of the pulse will be transmitted to rope B, and 
continue moving to the right. The transmitted pulse is in phase, since it is a direct response to the 
transverse motion of the molecules in rope A. The reflected and transmitted pulses are shown (not to 
scale) in Fig. 1-8(b). 

Before reaching the interface ’p,. 
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Fig. 1-8 
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(b) Since the total available energy comes from the original pulse, and is now shared between the reflected 
and transmitted pulses, those two pulses will have diminished energy which will most visibly manifest 
itself in reduced amplitude of each pulse. Determining the exact distribution of energy in the two 
pulses is beyond the scope of this book. 

Once the pulses leave the interface they must travel with the characteristic velocities of waves in the 
respective ropes. The reflected wave will travel to the left with the same magnitude velocity as the 
incoming pulse, up, a = (S/pa)lI2. The transmitted wave will travel to the right with the velocity up, b = 
(s/pb)1’2. Since rope B is more massive than rope A, we have up, b < up, a .  

(c) 

Problem 1.18. Suppose in the previous problem rope A were more massive than rope B (pa > pJ. How 
would the answers to parts (a) to (c) change? Describe the length of the reflected and transmitted pulses. 

Solution 

(a) The new situation is depicted in Fig. 1-8(c). The only change in our answer to part (a) is that the 
reflected wave will be upright, or in phase. Here the molecules in rope B are more easily pushed up and 
down than those of rope A, and the conditions more closely correspond to the cord with the “free” 
end described earlier in the text. 

(b) Energy reasoning is the same, but amplitude of transmitted pulse might be larger. 

(c) The answer is basically the same, except that up, b > up, a .  

The initial and reflected pulses have the same length. The transmitted pulse is longer because the speed in 
rope B is larger and the front of the pulse moves further before the back hits the interface. 

Reflection and Transmission of a Sinusoidal Travelling Wave 

We now extend our discussion to travelling waves that reach an interface. 

Problem 1.19. Assume that a travelling sinusoidal wave of amplitude A = 0.40 cm, frequency f= 40 
Hz and wavelength 1 = 0.50 m is moving to the right in rope A of Fig. 1-8(a). Rope B has a linear 
density twice that of rope A. Assume that we have a finite wave train many wavelengths long, but still 
small in length compared to the length of the ropes, and that it has not yet reached the interface. The 
common tension in the ropes is S = 200 N. 

(a) Find the velocity of propagation, up, a in rope A. 

(6) Find the linear density, pa , of rope A. 

(c) Find the velocity of propagation of a wave in rope B. 

Solution 

(a) up, a = Af = (0.50 mN40 Hz) = 20 m/s. 

(b) From Eq. (2.2): U:, a = S/pa 3 pa = (200 N)/(20 m/s)2 = 0.50 kg/m. 

(c) From the information given, & = 2pa = 1.00 kg/m =S up, b = (S/P)’/~ = [(200 N)/(1.00 kg/m)J’/2 = 14.1 
m/s. [or, equivalently, & = 2pa 3 up, b = up, JJ2 = (20 m/s)/1.414 = 14.1 m/s]. 

Problem 1.20. When the wave train of Problem 1.19 hits the interface, part of the wave will be reflec- 
ted and part will be transmitted through to rope B. Here we address only the transmitted wave. 

(a) What is the frequency and wavelength of the transmitted wave. 

(6) Assuming that half the energy of the incoming wave transmits and half reflects, find the amplitude 
of the transmitted wave. [Hint: See Problem 1.15, and Eq. (1.22).] 
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Solution 

The frequency will be the same in the transmitted as in the initial wave:fb =f,. This follows from the 
fact that the stimulating SHM comes from the incoming wave and the interface must move up and down 
at a common rate. Thus, f b  = 40 Hz. We can determine the wavelength from the requirement that: 
u p , b  = & A b .  Using Problem l.l9(c), we have: 1, = (14.1 m/s)/(40 Hz) = 0.35 m, a shorter wavelength 
than in rope A. 

The transmitted power must be half the power of the incoming wave, since half the incoming energy is 
reflected back. From Eq. (1.12), we have for the incoming wave: PI = ipoo2Afvp, , .  For the transmit- 
ted wave we have: P ,  = ipbo2A+up,  b where, o is common to both waves, p b  = 2 p a ,  and from 
Problem l.l9(c), v p , b  = up,JJ2.  We then have: P, = +PI Canceling 
o2 on both sides, and noting the relationships of the velocities and the linear densities, we have: 

2 A T 2 / J 2  = )A; .  

$&,o2A$uP,b = 

Substituting A, = 0.40 cm, we get: A, = 0.238 cm. 

The statement (Problem 1.2qa)) that the transmitted frequency is the same as the incoming frequency 
can be rigorously demonstrated, and is a very general statement about waves moving across a boundary 
or interface. Whatever changes occur as a wave moves across a boundary from one medium to another, 
the frequency stays the same. Since the velocities of propagation typically change from medium to 
medium, fixed frequency implies the wavelengths must change in accordance with Eq. (2.20). 

1.4 SUPERPOSITION AND INTERFERENCE 

We now address the question of what happens when two waves pass the same point on a cord (or 
in any medium) at the same time. For all materials through which waves travel, as long as the ampli- 
tudes of the waves are small, we have what is known as the principle of superposition, which can be 
expressed generally as follows : 

The actual vector displacement of molecules from their equilibrium position, at any given 
location in a medium, at any instant of time, when more than one wave is travelling 
through that medium, is just the vector sum of the displacements that each wave would 
separately have caused at that same location at that same instant of time. 

For a sinusoidal wave travelling along a cord and its reflection from an interface, the displacements are 
in the same transverse y direction. Similarly, for sound waves in a long rail, the direct and reflected 
longitudinal displacements are again in the same longitudinal x direction. In a large body of water, 
however, one can imagine two or more waves, travelling in different directions, passing a single point. In 
that case the displacements can be in quite different directions. Even in a cord, if the cord is along the x 
axis, one could conceivably have one transverse wave travelling to the right with a displacement in the y 
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direction, and another wave travelling to the left with a displacement in the z direction. The actual 
displacement of the cord would then be the vector sum of the two displacements. Figures 1-9 and 1-10 
show a variety of situations demonstrating the principle of superposition applied to two transverse 
waves in the y direction passing each other in a cord. In each case there are three pictures; the first two 
showing the individual waves and the last the combined (actual) wave at that instant. 

When two waves pass the same point in a medium they are said to interfere. If they correspond to 
long wave trains having the same wavelength, then certain regular patterns can appear, such as points 
that never move and points that move maximally. Such patterns are called interference patterns. In Fig. 
1-ll(a) to (d) we consider the case of two transverse sinusoidal waves of the same amplitude and wave- 
length travelling in opposite directions along a fixed portion of a cord. Each sub-figure has three pic- 
tures representing each wave separately and then the combined wave. The sub-figures are 4 of a period 
apart, corresponding to each wave having moved 4 wavelength. The relative positions of the two waves 
therefore move wavelength apart from sub-figure to sub-figure. An examination of the actual 
“superimposed” wave for each of the four cases reveals some interesting features. First, there are some 
points on the cord that seem not to move at all as the waves pass each other (points a, b, c, d,  e)  while 
other points midway between them move up and down with double the amplitude of either wave 
(points a, B, y, 6). The actual wave motion of the cord is therefore not a travelling wave, since in a 
travelling wave every point on the cord moves up and down in succession. The wave caused by the 
interference of these two travelling waves is therefore called a standing wave. It has the same frequency 
since the points a, B, y, 6 move from positive maximum to  negative maximum in half a period, as with a 
point on either travelling wave alone. Also, the distance between successive positive peaks (or successive 
negative peaks) is exactly one wavelength. The points that don’t move are called nodes and the points 
that move maximally are called anti-nodes. The result shown can be derived mathematically by con- 
sidering the equations of the two waves and adding them, as shown in the following problem. 

Problem 1.21. Two long sinusoidal wave trains of the same amplitude and frequency are travelling in 
opposite directions in a medium (either transverse waves in a cord, or longitudinal waves in a rail or 
tube filled with fluid). Using the law of superposition find a mathematical expression for the resultant 
wave form. [Hint: sin (A f B) = sin A cos B & sin B cos A ]  

Solution 

Letting yx+  and y,-  represent the travelling waves along the positive and negative x axis, respectively 
we have: 

y , + ( t )  = A sin (ot - kx) and y , - ( t )  = A sin (ot + kx + 8,) 
where 8, is a constant phase which is included to account for the waves having been set up (initial 
conditions) so that different parts of the two waves happen to cross each other at a particular location x at 
a given time t. The choice of 8, will only affect the absolute positions of the nodes and anti-nodes, but not 
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any other characteristics of the resulting wave, so we choose O0 = 0 for simplicity. By the law of super- 
position, 

y,.(t) = y ,+ ( t )  + y , - ( t )  = A sin (ot - kx) + A sin (ot + kx) (9 
Using the trigonometric identity supplied in the hint, we have: 

y,(t) = A [sin o t  cos kx - sin kx cos o t ]  + A [sin ot cos kx + sin kx cos o t ]  (ii) 

Combining terms, we see that the second terms in each bracket cancel out to yield: 

y,(t) = 2A sin ot cos kx (iii) 

Problem 1.22. 

(a) Show that the result of Problem 1.22, Eq. (iii), is a standing wave and find the location and separa- 
tion of the nodes. 

(b)  Find the location of the anti-nodes, and the amplitude of wave motion at those points. 

(c) Interpret the behavior of the standing wave between any two nodes, and between those two nodes 
and the adjacent two nodes. 

Solution 

(a) This is clearly a standing wave since at each x for which cos kx = 0 we have an immobile point, or 
node, for all times t. Recalling that kx = 2nx/A, and that the cosine then vanishes at values of x for 
which: 2nx/1 = 4 2 ,  3n/2, 5n/2, . . . , we have nodes at: x = A/4, 31/4, 51/4, . . . The distance between 
successive nodes is thus A/2. 

(b) Similarly, the anti-nodes correspond to values of x for which we have the maximum possible wave 
amplitudes. Eq. (iii) of Problem 1.21 implies that for any given point x, the molecules oscillate in SHM 

of angular frequency o, and of amplitude: 

2A cos kx = 2A cos (2nx/A) (i) 

The cosine has alternating maximum values of f 1, and at the corresponding points, x, the molecules 
oscillate with SHM of amplitude 2A. The cos (2nxlA) = f 1 points occur at 2nx/A = 0, n, 2n, 3n, . . . , 
with positive values at even multiples of a and negative values at odd multiples of n. The correspond- 
ing values of x are: 0, A, 2A, 31, ... and A/2, 31/2, 51/2, respectively. The separation between adjacent 
anti-nodes, without reference to whether the cosine is f, is 1/2 (the same as the separation of adjacent 
nodes). Furthermore, comparing to part (a) the anti-nodes are midway between the nodes, and from 
node to next anti-node is a distance of A/4, 

(c) At the anti-nodes the equation of SHM are, from Eq. (i): 

yanti(t) = f 2 A  sin ot (ii) 

The only difference between the oscillations when the cosine is + 1 as opposed to - 1,  is that they are 
180” out of phase. As can be seen from Eq. (ii): when y = + 2A at one anti-node, y = - 2A, at the 
next anti-node, and so on. All the points between two adjacent nodes oscillate “in phase” with each 
other-that is they reach their positive maxima, given by Eq. (i), at the same time. The points between 
the next two nodes, also oscillate in phase with each other, but exactly 180” out of phase with the 
points between the first two nodes. The overall shape and behavior of the waves is illustrated in Fig. 
1-12, which depicts the “envelope” of the wave as each point varies between the maximum positive 
and negative transverse positions corresponding to the various positions along the cord. The vertical 
arrows at the anti-nodes are intended to depict the relative direction of transverse motion of points 
between adjacent pairs of nodes. 

Resonance and Resonant Standing Waves 

Many physical systems, when stimulated can be made to vibrate or oscillate with definite fre- 
qukncies. Examples are a simple pendulum of a particular length, a mass at the end of a spring, a tuning 
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fork, and a children’s swing in the park. In each of these cases there is a single “natural” frequency 
associated with the system. In other cases, such as a violin or guitar string, an organ pipe, or more 
complex structures such as a bridge or a building, many “natural” frequencies of vibration can occur. 
Such frequencies, which are characteristic of the particular system or structure, are called the resonant 
frequencies of the system. If one stimulates a system by shaking it with SHM of arbitrary frequency and 
low amplitude, the system will respond by vibrating at the stimulating frequency. The amplitude of the 
system’s responsive vibration to such stimuli will generally be quite small. However, if one stimulates 
the system at one of its resonant frequencies, one can stimulate huge amplitude oscillations, sometimes 
to the point of destroying the structure. This is true because, when stimulating a system at a resonant 
frequency it is extremely easy to transfer energy to the system. A simple example of such a transfer is a 
mother pushing a child on a swing while talking to a friend. If the mother times her pushes to always 
coincide with the moment the swing is moving down and away from her, the force she exerts does 
positive work on each push and therefore transfers energy to the swing, increasing its amplitude. If on 
the other hand, she is distracted by conversation and pushes slightly off frequency, she will sometimes 
push the swing while it is still moving toward her, hence doing negative work so that the swing loses 
energy. If there are as many times when the swing loses energy as when it gains energy, the amplitude of 
the swing will not build up. The same is true of stimulating any system by vibrating it at a given 
frequency. If the frequency is a resonant frequency, each stimulating vibration will reinforce the previous 
one and pump energy into the system. If the stimulating vibration has a frequency even a little off the 
resonant frequency, over time there will be as many vibrations that lose energy to the system as gain 
energy to it, as in the case of the mother pushing the swing. This is the reason that army troops are 
ordered to “break step” while marching across a bridge; if the troop’s “in-step” march is at the same 
frequency as one of the resonant frequencies of the bridge, the bridge could start to vibrate with ever 
increasing amplitude and actually break apart as a consequence. In the following problems we will 
determine the resonant frequencies of some simple systems. 

Problem 1.23. Consider a long cord of length L, massflength p, under tension S, tied rigidly to a post 
at one end with the other end tied to a variable frequency metal vibrator, which vibrates with SHM of 
amplitude less than 0.05 mm, as shown in Fig. l-l3(u). At certain frequencies it is found that standing 
waves 
These 
waves 

of very large anti-node amplitudes (possibly several centimeters or larger) appear in the cord. 
are called resonant standing waves. Find the only frequencies for which such resonant standing 
can occur. 

Solution 

In Problem 1.22 we saw that standing waves have their nodes separated by L/2, with anti-nodes 
midway between. For our cord under tension S, if resonant standing waves were to occur both ends of the 
cord would have to be nodes. This is true even at the vibrator end because the maximum transverse 
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displacement of the vibrator is negligible (< 1%) of the amplitude of the resonant standing wave. On this 
basis, we must have a whole number, n, of half wavelengths fit into the length L, or, n I / 2  = L. The allowed 
wavelengths, therefore, are : 

I ,  = 2L/n n =  1,2, 3 ,... . (0 
Since frequency and wavelength are related to the speed of waves in the cord: U, = IJ we have for the 
allowed frequencies : 

f ,  = uJA, = n(oP/2L) ( i i )  

From Problem 1.23, we note that the lowest possible frequency, called the fundamental, has the 

(1 .13~)  

value, recalling Eq. (1  . l ) :  

fF =fl = vd2L = (s/p)1’2/2L 

In terms of the fundamental the other allowed frequencies become: 

fn = nfF n = 1 , 2 , 3  ,.... (1.136) 

For completeness, we repeat Eq. (i) of Problem 1.23 for the corresponding wavelengths: 

A,, = 2L/n n =  1,2, 3, ... . ( I .  1 3c) 

The integer multiples of the fundamental frequency are called harmonics. Thus,fn is the nth harmonic, 
with the fundamental itself being the first harmonic. Another commonly used terminology is to call the 
successive frequencies, above the fundamental, overtones. Thus, for our vibrating cord, the first overtone 
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is the second harmonic, the second overtone is the third harmonic, etc. Recalling that up = ( S / P ) ~ ' ~  we 
can re-express Eq. (1.13b) as: 

(1 .134  

In Problem 1.23 we found the only possible resonant frequencies that could exist in the cord. Using 
the ideas of reflection of waves, and of resonance discussed above, we now show that these all are, 
indeed, resonant frequencies of the cord. Consider again the cord of Fig. 1-13(u). As the vibrator exe- 
cutes its low amplitude oscillations it sends a continuous travelling wave down the cord. This wave 
reflects off the tied down end, travels back toward the vibrator with the same frequency and wavelength 
and then reflects a second time, again travelling to the right. The process then repeats many times with 
multiple reflections before the amplitude dies down. The even reflections (Znd, 4th, - - -) are travelling to 
the right while the odd reflections (lst, 3rd, - .) are travelling to the left. Since the vibrator keeps 
generating new waves which reflect back and forth, the actual shape of the cord at any instant is the 
sum of the overall superposition of the waves travelling to the right and the left. The overall wave 
travelling to the right is itself the sum of the newly generated wave and all the even reflected waves, 
while the overall wave travelling to the left is the sum of all the odd reflected waves. In general, the 
overall waves in either direction would be quite small. For example, the waves travelling to the right 
(original plus the multiple even reflections) would typically all be out of phase with one another. The 
superposition of these waves at any point on the string, at a given instant of time would, therefore, 
involve adding about as many positive as negative vertical displacements, yielding a net displacement, 
that would be almost negligible. The same would be true of the overall wave travelling to the left, being 
the sum of the multiple odd reflections. 

In order for the overall travelling waves in either direction to be large the multiple waves travelling 
in that direction have to all be travelling in phase with one another-crest to crest and trough to 
trough. The condition for this to happen is easy to see. Consider the even reflections; each wave travels 
a distance of 2L to undergo a double reflection. For the original wave and all the subsequent double 
reflections to be in phase, the distance 2L has to correspond to a whole number of wavelengths. This 
would ensure that the crests of successive double reflections appear at the same place at the same time. 
(Note that there is a change of a half wavelength at each reflection, but since there are an even number 
of reflections the overall shift is a whole number of wavelengths and does not change the relative 
phases.) A similar argument holds for the odd reflected waves, which travel to the left; again these 
involve double reflections and we again must have a whole number of wavelengths fitting into 2L. Thus, 
for either case-travelling to the right or to the left-the condition for in-phase reinforcement of reflec- 
ted waves occurs at wavelengths that obey: nLn = 2L, where n is a positive integer, or equivalently: 
A, = 2L/n. This is the same result we obtained in Problem 1.23. Under these conditions we have, on net, 
a giant travelling wave to the right and a giant travelling wave to the left at essentially the same 
amplitude and wavelength, yielding a giant, or resonant, standing wave. Thus, the results of Problem 
1.23 do, in fact, represent the actual requirements for resonant standing waves. The envelope of the first 
three resonant standing waves for a cord of length L, such as that of Fig. 1-13(u), are shown in Fig. 
1-13(b) to (6) (as in Fig. 1-12, the vertical arrows indicate the relative direction of the transverse motion 
of molecules in the cord between successive pairs of nodes). 

Problem 1.24. A rope of length L = 0.60 m, and mass rn = 160 g is under tension S = 200 N. Assume 
that both ends are nodes, as in Problem 1.23. 

(a) Find the three longest resonant wavelengths for the rope. 

(b) Find the fundamental frequency and first two overtones for resonant standing waves in the rope. 

(c) How would the results to part (a) and (b) change if the tension in the rope were 800 N? 
Solution 

(a) The wavelengths obey 1, = 2L/n = (1.20 m)/n-longest wavelength = R ,  = 1.20 m; next longest = 
1, = 0.60 m; third longest = A3 = 0.40 m. 
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(b) From Eqs. (1.23) we see that we need the speed of propagation of the wave in the rope: up = (S/p) l12.  

Noting that p = m/L = (0.16 kg)/(0.60 m) = 0.267 kg/m, we get: up = [(200 N)/(0.267 kg/m)]’’’ = 

27.4 m/s. Then, from Eqs. (1.13) we get: for our fundamental (1st harmonic),f, = (27.4 m/s)/(1.20 m) = 

22.9 Hz; for our first overtone (2nd harmonic),f, = 2f1 = 45.8 Hz; for our second overtone (3rd har- 
monic),f, = 3f, = 68.7 Hz. (The same results could be obtained directly fromf, = uP/1, .) 

If the tension, S, quadruples the velocity, up, doubles. Since the resonant wavelengths depend only on 
the length of the cord, they remain the same as in part (a). The corresponding frequencies, however, are 
proportional to up, and therefore all double as well. 

(c) 

Problem 1.25. Suppose that we have the exact situation of Problem 1.24, except that now the far end 
of the cord is not tied down, but has a frictionless loop free to slide on a vertical bar, as in Fig. 1-7. 

Extending the kind of reasoning employed in Problem 1.23, what would the allowed resonant wave- 
lengths and frequencies be ? 

Solution 

Since the far end is free to snap up and down without the constraining effect of any addition cord to 
the right, it should be an anti-node for any resonant standing waves that appear. The left end must again be 
a node. The standing wave envelope of the longest wavelength that fits this condition is shown in Fig. 
l - lqu) .  Recalling that the distance from an anti-node to the next node is 1/4, we have: A I  = 4L. The next 
possible situations are shown in Figs. 1-14(b) and (c) from which we deduce: 1, = 4L/3, and 1, = 4L/5, 
where we label the successive wavelengths by the odd integer denominators. From this it is not hard to 
deduce that in general: 

A, = 4L/n n = 1, 3, 5 ,  ... (0 
and the allowed frequencies are: 

n =  1 ,3 ,5  , . . . .  (ii) 

Problem 1.26. 

(a) What is the relationship between the harmonics and overtones for the situation of Problem 1.25? 

(b) If in Problem 1.24 the far end of the rope were looped to slide freely without friction on a vertical 
greased bar, what would the change be for the answer to Problem 1.24(a)? 

(c) What would the corresponding change be for the answer to Problem 1.24(b)? 
Solution 

From Problem 1.25, Eq. (ii), the fundamental frequency isfl = ud4L. This is the lowest frequency for 
our “free end” cord, and therefore the first harmonic. The first overtone, which is the next allowed 
frequency, is now f3 = 3f1, which, by virtue of being three times the fundamental, is by definition the 
third harmonic. Similarly, the third overtone is the fifth harmonic, and so on. For this case we see that 
only the odd harmonics are allowed frequencies. 

The three longest wavelengths now obey Eq. (i) of Problem 1.25, and are therefore: A1 = 2.40 m; 
I, = 0.80 m; 1, = 0.48 m. 

The fundamental frequency is now: od4L = (27.4 m/s)/(2.40 m) = 11.4 Hz. Note that this is half the 
fundamental with the cord tied down. The first and second overtones are the third and fifth harmonics, 
respectively :f, = 3(11.4 Hz) = 34.2 H Z ; ~ ,  = 5( 11.4 Hz) = 57.0 Hz. 

In our discussion of resonant standing waves in a cord, we assumed there was an SHM vibrator 
stimulating the waves at one end. It is also possible to stimulate standing waves with a non-sHM stimu- 
lus, such as bowing (as with violin strings), plucking (as with guitar strings), or hammering (as with 
piano wires). In these cases each stimulating disturbance can be shown to be equivalent to a com- 
bination of many SHM standing waves over a broad range of frequencies. As might be expected, only the 
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resonant frequencies can absorb this energy efficiently, so the net effect is simultaneous creation of the 
allowed resonant standing waves with different amplitudes. Typically, only the first several allowed 
harmonics receive much energy. The exact distribution of energy among the harmonics depends on the 
details of the stimulating disturbance, and of the medium in which the disturbance takes place. If the 
stimulus is very short lived, the standing waves last only a short time as well, since their energy rapidly 
transfers itself to surrounding materials such as the air, and/or dissipates into thermal energy. The 
distinctive sound of different musical instruments, even when sounding the same note, is a function of 
the different amplitudes of the harmonics that are generated. This will be discussed further in the next 
chapter. 

The results we obtained for resonant transverse standing waves, have their counterpart in longitudi- 
nal waves, and we will briefly explore this case. For simplicity, we will consider the case of sound waves 
in the air in an organ pipe. Consider the organ pipe of length L, as shown in Figs. l-lS(a) and (b). In 
both cases one end of the pipe has an opening to the atmosphere (with a reed to help outside vibrations 
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enter the pipe). In Fig. 1-15(a) the far end of the pipe is open, and is therefore called an open organ pipe; 
in the case of Fig. 1-15(6), the far end of the pipe is closed and is therefore called a closed organ pipe. 
Following the reasoning of Problems 1.23 and 1.25, we would expect ends that are open to the atmo- 
sphere to be anti-nodes for the to and fro motion of the air molecules, while a sealed end would be a 
node for such motion. This turns out to be true for nodes at a closed end, but the anti-nodes at the open 
ends are actually slightly beyond the edges of the pipe, the extent depending on the cross-sectional area 
and other geometrical properties of the ends of the pipe. We will ignore this “end” effect in our simple 
analysis. For the case of the pipe open on both ends, the first few allowed standing waves are shown in 
Figs. 1-lqa) to (c). The wave envelope is shown just below the pipe, as a transverse representation of the 
to and fro motion of the molecules from their equilibrium positions at various points along the pipe. 
Since the distance between successive anti-nodes is always a half wavelength, we see that a whole 
number of half-wavelengths fit into the length, L, of the pipe, or the allowed wavelengths are: 

A, = 2L/n n = l , 2 , 3  ,.... ( 2 . 2 4 ~ )  

The allowed frequencies are then given by : 

fn = up/& = n(uJ2n) n = 1, 2, 3, ... (1.246) 

where up here represents the speed of sound in air. For the case of the pipe closed at one end, we have a 
node at that end, and an anti-node at the other end. This is similar to the case of transverse waves in a 
cord tied down at one end, and the other end free to move up and down, as discussed above. The first 
few allowed wavelengths for this case are shown in Figs. 1-17(a) to (c). As can be seen, a whole number 
of half-wavelengths plus a quarter-wavelength or, equivalently, an odd number of quarter-wavelengths, 
must fit into L, so that: 

A,, = 4L/n n = 1, 3, 5, ... (1.25a) 

and the allowed frequencies are then : 

fn = uJA, = n(u$4L) n = l , 3 , 5  ,.... (1.25b) 
Note that these are the same formulas as Problem 1.25, Eqs. (i), (ii), as expected. 

Problem 1.27. 

(a) In earlier discussions we showed that for travelling longitudinal waves in a fluid, the pressure 
variation, AP, was maximum when the displacement of the molecules was zero, and vice versa. 
Show that for standing waves the pressure anti-nodes occur at displacement nodes, and vice versa. 

(6) Given the results of part (a) show that our intuitive presumption that displacement anti-nodes in 
an organ pipe occur at the ends of the pipe open to the atmosphere makes sense. 
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Solution 

Consider a displacement node for an organ pipe, such as the middle one depicted in Fig. 1-16@). On 
either side of the node the air molecules are moving in opposite directions. When these molecules are 
rushing toward the node that create a maximum condensation, and a corresponding increase in pres- 
sure; when they are racing away from the node they create a maximum rarefaction, and a correspond- 
ing decrease in pressure. In effect, at the displacement nodes the air is squeezed together and pulled 
apart just like an accordion. No other points in the standing wave have such a drastic variation in 
pressure as do the displacement nodes, so these are pressure anti-nodes. On the other hand, on either 
side of a displacement anti-node, such as the middle one in Fig. 1-lqb), the air molecules are moving 
to and fro in the same direction with the same amplitudes, so no condensation or rarifications occur 
and A P  remains zero. Thus the displacement anti-nodes are pressure nodes. 

At the ends of the pipe that are open to the atmosphere the exposure to the equilibrium pressure of the 
air outside the pipes doesn't allow for the type of pressure variation, AP found in the large resonant 
waves in the pipe, so these locations are in effect nodes for AP. Since such nodes are anti-nodes for 
displacement, we have our result. 



CHAP. 13 WAVE MOTION 29 

L 

I I 

Closed pipe 

Fundamental 4 = 
1st harmonic 

________________________________________--------- - - - - - - - -  

A 

I* U4 1 

First overtone 
3rd harmonic (T)= 

Second overtone (+)= 
5th harmonic 

A A A 

Resonant standing waves in a closed pipe. 

Fig. 1-17 

Problem 1.28. 

An open organ pipe is of length L = 6.0 ft. Find the wavelength of the fundamental and first two 
overtones. 

Find the fundamental frequency and those of the first two overtones. [Hint: Assume the speed of 
sound in air is 1100 ft/s]. 

If one end of the pipe is now closed, what changes does one have in the wavelengths and fre- 
quencies of parts (a) and (b)? 

Explain qualitatively why the tone of a trumpet drops when a mute is placed over the horn end? 

Solution 

(a) From Eq. (Z.Z4u), we have: A, = 2(6.0 ft)/n =- AI = 12.0 ft; A2 = 6.0 ft; A, = 4.0 ft. 

(6) From Eq. (2.246), we have:f, = uJA, = (1100 ft/s)/A, + Fundamental =fi = 91.7 Hz; first overtone = 
f2 = 2nd harmonic = 183 Hz; second overtone =f, = 3rd harmonic = 275 Hz. 



30 WAVE MOTION [CHAP. 1 

(c)  From Eq. (2.25a), we have: A, = q6.0 ft)/n, odd n only * R ,  = 24.0 ft; A, = 8.0 ft; A, = 4.8 ft. Similarly, 
for the frequencies, f, = udd,  = (1 100 ft/s)/A,, odd n only Fundamental =fi = 45.8 Hz; first 
overtone =f3 = 3rd harmonic = 138 Hz; second overtone =f, = 5th harmonic = 229 Hz. 

(d) The trumpet is somewhat similar to an organ pipe in generating resonant standing waves. With the 
mute covering the horn we have moved to a closed pipe situation, and the fundamental drops in 
frequency. The resonant standing waves in the trumpet is what generates the sound wave that reaches 
our ear, so we hear the lowered frequency of the fundamental. 

Problems for Review and Mind Stretching 

Problem 1.29. A SHM travelling wave of period of T = 3.0 s and wavelength A = 30 m moves to the 
right in a long cord. The maximum transverse velocity in the cord is vmax = 2.5 cm/s, and the power 
transmitted by the wave is 0.60 W. 

(a) Find the velocity of propagation of the wave, U,. 

(6) Find the amplitude of the wave. 

(c) Find the mass per unit length of the cord, p. 

(d) Find the tension in the cord, S .  

Solution 

(a) From Eq. (2.20), up = Af = A/T = (30 m)/(3.0 s) = 10 m/s. 

(b) We can find the amplitude from the maximum transverse velocity: -nax = oA = 0.025 m/s. Recalli 
that o = 2n/T = 6.28/(3.0 s) = 2.09 s-l,  we have: (0.025 m/s) = (2.09 s - ’ ) A  * A  = 1.20 cm. 

(c)  We cannot obtain p from the expression for up, Eq. (1.1), unless we know S, which is not given. We do, 
however, have enough information to obtain p from the expression for the power, Eq. (1.22): 

P = jpo2A2u, * (0.60 W) = ip(2.09 ~-‘)~(0.0120 m)2(10 m/s) * p = 191 g/m. 

(d) Now that we have p we can obtain S from Eq. (1 .1) :  

up = (S/p)’/’ * S = (0.191 kg/m)(10 m/s)2 = 19.1 N. 

Problem 130. When a musical instrument plays, it is almost invariably the fundamental frequency 
that dominates, and with which the human ear identifies the musical note. For a stringed instrument, 
such as a piano or base fiddle, the fundamental is given by Eq. (1.13a):fF = ( S / C ( ) ’ ’ ~ / ~ L .  

(a) For the case of a piano the “strings” are wire wound and of different lengths and thicknesses. 
Explain, using Eq. (1.13a), what this accomplishes and explain how a piano tuner “fine tunes” the 
piano. 

(6) If one bows a base fiddle string one can double the frequency by pressing a certain point on the 
string while bowing; where is that point? 

Solution 

(a) From Eq. (2.23~) we see that there are three variables that affect the fundamental frequency: the length 
and mass/length of the string, each of which decreases the frequency when it increases, and the tension 
which increase the frequency when it increases. The basic construction of the piano has strings of 
different lengths and thicknesses intended to generate different tones. The short thin strings have the 
highest frequencies while the longer thicker strings generate the lower notes. Without increased thick- 
ness of the long strings, the piano strings would have to be much longer to get the lowest frequencies. 
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In grand pianos the strings are on a horizontal frame, called the sound board, and the shape of the 
piano reflects the lengths of the strings; in an upright piano the strings are vertical and the differing 
lengths are hidden inside the piano. Once the lengths and thicknesses of the strings are set, the only 
variable is the tension, and a piano tuner can fine tune the frequencies by adjusting the tensions of the 
strings. 

(b)  The fundamental has a node at each end of the string and an anti-node at the midpoint. By pressing 
ones finger at the midpoint one forces that point to be a node, so that only the first harmonic and 
above can be heard. Since the first harmonic is half the wavelength it is double the frequency. 

Problem 1.31. A long tube has a close fitting piston initially all the way into the tube, and a tuning 
fork is vibrating just in front of the tube, as shown in Fig. 1-18(a). As the piston is slowly pulled back 
(to the left in the figure) the sound gets very loud as it passes the 13 cm, 41 cm, and 69 cm marks as 
measured from the right end of the tube. 

(a) What is the next point at which the loudness will rise? 

(b) Assuming that the speed of sound is 350 m/s, find the frequency of the tuning fork. 

(c) Assuming the tuning fork is replaced by one with double the frequency, what would the first three 
loud points have been as the piston was pulled out? 

Solution 

(a) The tube acts like a closed organ pipe with regard to resonant standing waves. The tuning fork has a 
definite frequency, and an associated definite wavelength. As the piston is pulled back, the first possible 
resonance occurs when a node is at the piston face and an anti-node is at, or just outside, the open end 
of the pipe-with the distance between node and anti-node corresponding to a quarter-wavelength 
(Fig. 1-18(b)). The second possible resonance should occur when the piston is moved sufficiently far 

Fig. 1-18 
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back so that a second node occurs between the piston and the open end of the pipe. Since the wave- 
length is fixed, one node remains at its original location, and the second node must be at the new 
position of the piston (Fig. l-l8(c)). The distance between the nodes is precisely a half-wavelength and 
from the given data corresponds to: 

I / 2=(41  cm)-(13 c m ) = 2 8 c m = > I = 5 6 c m .  (9 
The next resonance should occur when the piston is pulled sufficiently far back that a third node 
occurs, the other two nodes maintaining at their prior locations (Fig. 1-18(&). Again, we have from the 
given data: 

I/2 = (69 cm) - (41 cm) = 28 cm => I = 56 cm (ii) 

This confirms our previous result, and makes clear that the next resonance will occur when the piston 
is pulled another 28 cm further in, or at the 97 cm mark. Note that the first data point of 13 cm is 1 cm 
short of a quarter wavelength, indicating that the anti-node is actually 1 cm outside the mouth of the 
Pipe. 

(b)  From Eqs. (i) and (ii), we have L = 56 cm, so: 

f = op/A = (350 m/s)/(0.56 m) = 625 Hz. 

If the frequency doubled to 1250 Hz, the wavelength would halve to 28 cm. Then a quarter-wavelength 
would be 7.0 cm. Assuming the anti-node is still 1 cm outside the open end of the pipe, the first 
resonance occurs when the piston is at the 6 cm mark. The next two positions of the piston for 
resonance are half-wavelengths further in, at : 

(c) 

(6 cm) + (14 cm) = 20 cm, and at (20 cm) + (14 cm) = 34 cm. 

Problem 1.32. A cord of length L = 3.0 m and total mass rn = 400 g, is connected at one end to a 
vibrator, and at the other end to a very long and massive steel cable under tension S = 400 N. When 
the vibrator is turned on the cord is found to rapidly develop a large, stable, transverse standing wave 
consisting of five equal sections. The cable is observed to have a transverse travelling SHM wave to the 
right at 15 m/s. 

(a) Find the wavelength and frequency of the standing wave in the cord. 

(6) Find the wavelength and frequency of the travelling wave in the cable. 

Solution 

(a) Since the cord vibrates in five sections, and each section has a node at each end so that it is a 
half-wavelength long, we have: 

4 2  = L/5 = (3.0 m)/5 = 0.60 m => I = 1.20 m. 

Knowing the wavelength, the frequency can now be determined from a knowledge of the speed of 
propagation up, in the cord. We have: 

u p , c  = (S//A)”~ = (SL/m)’’2 = [(400 “3.0 m)/(0.40 kg)]”’ = 54.8 m/s. 

f= = (54.8 m/s)/(1.20 m) = 45.6 Hz. 

(b)  The frequency must be the same as the driving frequency of the cord which i s f =  45.6 Hz. The wave- 
length is now determined from the velocity of propagation in the steel cable, up, s = 15 m/s: 

I, = up, ,/f = (1 5 m/s)/(45.6 Hz) = 0.329 m. 

Problem 1.33. Refer to Problem 1.32. Assuming that there are no losses of cord or cable wave energy 
to other forms (e.g., thermal, to surrounding air, etc.), find the power delivered by the vibrator to the 
cord if the amplitude of the travelling wave in the cable is 0.60 mm. 
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Solution 

Since no wave energy is lost to other forms, all the energy the vibrator pours into the cord stays as wave 
energy in the cord or the cable. Since the standing waves in the cord quickly become stable their total 
energy content is fixed; therefore, the power in the cord from the vibrator must equal the power transferred 
by the cord to the cable. This in turn equals the power in the cable wave, which is determined from Eq. 
(1.12): P = ipo2A2up. We have all the required information to obtain P except for the linear density of the 
steel cable. This can be determined by rearranging the formula for up, to obtain : 

p = S/up, s2 = (400 N)/(15 m/s)2 = 1.78 kg/m. 

P = q(1.78 kg/m)[6.28 x (45.6 Hz)j2(0.6O - 10-3 m)’(l5 m/s) = 0.394 W. 

Thus the vibrator transmits 0.394 W of power to the cord. 

Supplementary Problems 

Problem 1.34. 

(a) Find the velocity of propagation of a transverse wave in a long rubber hose of mass/length 0.23 kg/m when the 
tension is 88 N. 

(b) Find the wavelength of a travelling wave in the hose if the frequency is 9.0 Hz. 

(c) If the tension in the hose doubled, all else being the same, what would be the new answer to part b? 

Ans. (a) 19.6 m/s; (b) 2.18 m; (c) 3.08 m. 

Problem 135. 

(a) Compare the speed of sound in a tube filled with mercury and in a steel rail. [Date: = 196 GPa;  B,  = 26 
GPa; ps = 7.86 g/cm3; pm = 13.6 g/cm3]. 

(b) If the mercury and the steel rail are exposed to the same SHM vibration, and the wavelength of the wave in 
mercury is 30 cm, what is the frequency of the vibration, and what is the wavelength in the steel? 

Ans. (a)  up, = 4990 m/s, up, = 1380 m/s; (b) 4600 Hz, 1.08 m. 

Problem 136. 

(a) Assume that the mercury tube and the steel rail of Problem 1.35 are of equal length and are lined up alongside 
each other. A longitudinal pulse is stimulated in each at the same end at the same time. When the pulse in the 
steel reaches the other end the pulse in the mercury is 20 m behind. Find the length of the tube or rail. 

(b) Assume the rail is now placed end to end with the tube of mercury, and the steel just makes a tight fit into the 
end of the tube so it is in direct contact with the mercury at that end. A pulse starts at the other end of the 
mercury and reflects and transmits at the interface. Find the time lag time for the reflected pulse to reach the 
front end after the transmitted pulse reaches the far end of the rail. 

(c) Is the reflected pulse inverted or upright? 

Ans. (a) 27.6 m; (b) 0.0145 s; (c) inverted. 

Problem 1.37. A transverse wave in a long rope is given by: y = (0.44 cm) sin (90t + 15x) where x and t are in 
meters and seconds, respectively. 

(a) Find the amplitude, wavelength and frequency of the wave. 

(b) Is the wave travelling in the positive or negative x direction? 
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(c) What is the velocity of propagation of the wave? 

Ans. (a)  0.44 cm, 0.419 m, 14.3 Hz; (6) negative; (c) 6.00 m/s. 

Problem 1.38. 

(a)  Referring to the wave in Problem 1.37, find the maximum transverse velocity and acceleration of a point on 
the rope. 

(6) Assuming the tension in the rope is 80 N, find the massflength of the rope. 

(c) Find the energy per unit length associated with the wave, and the power transmitted by the wave across a 
given point in the rope. 

Ans. (a)  0.395 m/s, 35.5 m/s2; (b) 2.22 kg/m; (c) 0.173 J, 1.04 W. 

Problem 1.39. A longitudinal SHM travelling wave passes through a long tube filled with water. The maximum 
displacement of water molecules from their equilibrium positions is 2.0 mm, and their maximum velocity is k3.0 
m/s. When the water is replaced by ethyl alcohol a wave of the same frequency has a wavelength three quarters as 
long. [Data: Speed of sound in water is 1400 m/s; specific gravity of ethyl alcohol is O.SlO]. 

(a)  Find the frequency and wavelength of the wave in water. 

(b) Find the speed of sound in ethyl alcohol. 

(c) Find the bulk moduli of water and ethyl alcohol, respectively. 

Ans. (a )  239 Hz, 5.86 m; (6) 1050 m/s; (c) 1.96 109 Pa; 0.893 - 109 Pa. 

Problem 1.40. Water waves near the shore give the appearance of being travelling transverse waves. Actually they 
are more closely described by a combination of transverse and longitudinal waves. This becomes apparent when 
one watches a small object floating in the water-it not only bobs up and down but also moves to and fro. The 
frequencies and wavelengths of these two simultaneous, but mutually perpendicular, waves are the same but their 
amplitudes, of course, need not be the same. 

(a)  If the observed crest to crest distance of the travelling water waves is 3.0 m and the speed of the waves toward 
the shore is 2.0 m/s, find the frequency of the waves. 

(6) If, for a floating object, the crest to trough distance is 0.80 m, and the to and fro motion has a maximum 
separation of 0.6 m, find the amplitudes of the transverse and longitudinal waves. 

(c) If the transverse and longitudinal waves are in phase (e.g., they both reach their maximum displacements at the 
same time) what is the actual maximum displacement of a floating object from its equilibrium position, and 
what is the actual path of the object? 

(d) If the waves were out of phase by 90” (e.g., transverse maximum when longitudinal is at equilibrium), qualit- 
atively describe the path of the floating object. 

Ans. (a)  0.667 Hz; (6) 0.4 m, 0.3 m; (c) 0.5 m, straight line at 53” to horizontal; (d) elliptical path. 

Problem 1.41. Consider the “virtual reflection” model used in the text to describe the behavior of a reflected wave 
at the end of a long cord that is either tied down or looped without friction. Draw to scale three wavelengths of a 
SHM wave nearing the end of the cord and the corresponding virtual reflection of those wavelengths beyond the end 
of the cord, for : 

(a)  the case of the end being tied down. 

(6) The case of the end free to move up and down without friction. 

[Hint: When the real and virtual waves meet at the end of the cord the superposition of the two must correspond 
to the actual behavior of that point on the cord.] 

Problem 1.42. A cord of p = 30 g/m is tightly tied between two strong posts a distance 3.0 m apart, so that it is 
under a tension of 100 N. The cord is plucked so that resonant standing waves are set up. 

(a)  Find the three longest wavelengths that are allowed in the cord. 
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(b)  Find the corresponding frequencies. 

(c) The tension is now adjusted so that the new fundamental frequency corresponds to that of the second overtone 
in part (b ) ;  find the new tension. 

Ans. (a) 6.0 m, 3.0 m, 2.0 m;  (b)  9.62 Hz, 19.2 Hz, 28.9 Hz; (c) 900 N. 

Problem 1.43. A cord of p = 30 g/m has a vibrator at one end with frequency f = 120 Hz, and the other end is 
connected to hanging weights over a frictionless pulley, as shown in Fig. 1-19. The distance between the end of the 
cord in contact with the vibrator and the point of contact of the cord with the pulley is L = 1.2 m. Both these 
points can be considered nodes for resonant standing waves. A mass of M = 8.0 kg is initially hanging from the 
cord, and this mass is slowly increased in tiny increments. 

(a) What are the five longest wavelengths for which resonant standing waves can possibly occur? 

(b) Find a formula relating the hanging mass M (in kg) to the wavelength A (in m) for the specific cord and 
frequency given. 

(c) As M rises above 8.0 kg, find all the masses for which a resonant standing wave appears in the cord, and give 
the corresponding number of sections in which the cord vibrates. 

Ans. (a) 2.4 m, 1.2 my 0.8 m, 0.6 m, 0.48 m;  (b)  A4 = (pf2/g)A’ = 44.1A2; (c) 10.2 kg (5), 15.9 kg (4), 28.2 kg 
(3), 63.5 kg (2), 254 kg (1). 

Problem 1.44. An open organ pipe has a 1st overtone frequency of 90 Hz, and a third harmonic wavelength of 
2.56 m. 

(a) Find the length of the organ pipe. 

(b) Find the speed of sound in the air. 

Ans. (a) 3.84 m; (b) 346 m/s. 

Problem 1.45. 

(a) Find the three longest resonant wavelengths. 

(b)  Find the frequency of the fifth overtone. 

Suppose the organ pipe of Problem 1.44 is closed at one end, and the same air conditions prevail. 

Ans. (a) 15.36 my 5.12 m, 3.07 m; (b) 248 Hz. 

Problem 1.46. A brass rod is firmly clamped at the center and when tapped at one end resonates longitudinally 
with a fundamental of 2000 Hz. 

(a) What characterizes the resonant standing waves at the rod ends? 

(b) What next higher frequency would you expect to be resonating under the conditions described, and why? 

Fig. 1-19 
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(c) What would the fundamental be if the rod were clamped at one end? 

(d) What would the next higher frequency be for the case of part (c)? 

Ans. (a) anti-nodes; (b) 6000 Hz, center point must be a node; (c) 1000 Hz, ( d )  3000 Hz. 

Problem 1.47. A closed organ pipe is measured to be one meter longer than an adjacent open organ pipe. It is 
found that the second overtone of the open pipe is the same frequency as the third overtone of the closed pipe. 

(a) 

(b) 

Find the length of the open pipe. 

Find the difference in the wavelengths of the fundamentals of the two pipes. 

Ans. (a) 6.0 m; (b) 16 m. 

Problem 1.48. A variable frequency vibrator is held over a 3.0 m high open cylinder, as shown in Fig. 1-20. The 
frequency starts out at 20 Hz and is slowly increased. A substantial rise in loudness first occurs at 28.0 Hz. The 
speed of sound in the air in the cylinder is 340 m/s. 

(a) Assuming the data given is correct to four decimal places, find the wavelength of the fundamental. 

(b) How far outside the opening of the cylinder does the anti-node of the fundamental occur? 

(c) As the frequency continues to rise when will the next rise in loudness occur? 

Ans. (a) 12.14 m; (b) 0.035 m; (c) 84 Hz. 

Problem 1.49. For the same cylinder as in Problem 1.48 the vibrator is replaced by a vibrating tuning fork of 
frequency 100 Hz. Water is slowly poured into the mouth of the cylinder and it is observed that at certain specific 
levels a strong increase in loudness occur. [Hint: Assume anti-nodes always occurs 0.03 m above the top of the 
cylinder.] 

(a) What is the wavelength corresponding to this frequency? 

(b) How high up in the cylinder does the water rise when the first loudness occurs? 

(c) What are the water heights for additional loud points? 

Ans. (a) 3.4 m; (b) 0.48 m; (c) Only one other water height, at 2.18 m. 

Fig. 1-20 


